In a series of three papers, we study the geometrical and statistical structure of a class of coupled map lattices with natural couplings. These are in nite-dimensional analogues of Axiom A systems. Our main result is the existence of a natural spatio-temporal measure which is the spatio-temporal analogue of the SRB measure. In the rst paper we develop a stable manifold theory for such systems as well as spatio-temporal shadowing, Markov partitions and symbolic dynamics. In the second, we will treat in general terms the question of the existence and uniqueness of Gibbs states for the associated higher-dimensional symbolic systems. This nal paper contains the proof of the main theorem which asserts the existence and uniqueness of a natural spatio-temporal measure for certain weakly coupled circle map lattices with a natural coupling.
Introduction
In this paper which is a continuation of 2] and 3], we prove the existence of a natural spatio-temporal measure for certain coupled circle map lattices. Our work follows on from that of Sinai and Bunimovich 1] and di ers from theirs in that we treat a physically and mathematically more natural class of couplings. Their systems were constructed with unnatural couplings so that a system of Markov partitions was automatic. For natural forms of coupling they are not and we have to work to prove the existence of Markov partitions and symbolic dynamics. The approach of the main part of our proof is therefore di erent from theirs. In the rst paper 2] we developed the geometrical theory in the context of certain bundle systems. This included a stable manifold theory, spatio-temporal shadowing and symbolic dynamics. In the second 3] we found general conditions for the existence of a unique Gibbs state for multi-dimensional symbolic systems in terms of a H older condition on the potential of the Gibbs state. Henceforth, we refer to these two papers as I and II respectively. Given a manifold or a real vector space Y of dimension m, we consider mappings of the space Y = Y Z Z . This space Y has the structure of a Banach manifold modelled on the Banach space B m = (IR m ) Z Z with norm jj(y i ) i2Z Z jj 1 = sup i2Z Z jjy i jj where jj jj is a xed norm on IR m . in this paper we are mainly concerned with the case where Y = S 1 = IR=ZZ in which case there is a covering map : B 1 ! S 1 given by (y i ) i2Z Z 7 ! (y i mod 1) i2Z Z which de nes the manifold structure. We denote the elements of Y by x = fx i g 1 i=?1 . Given a mapping f : Y ! Y we de ne a mapping F : Y ! Y by (F (x)) j = f(x j ) for x = fx i g i2Z Z 2 Y:
We de ne a coupled map lattice to be a mapping of the form " = A " F:
where F is as above and A " : Y ! Y is a coupling or family of interaction operators in the sense that it possesses the following properties with respect to the above manifold structure on Y:
(i) A " is C 1 ;
(ii) the A " vary continuously with " and are "-close to the identity id on Y in the C 1 -topology;
(iii) for " > 0 su ciently small, A " and its Jacobian are invertible and necessarily close to the identity; and (iv) if a (i) " (x) = (A " (x)) i for x 2 Y then a (i) " is a C 1 mapping such that the dependence of a (i) " (x) on x j decreases exponentially with the distance of the sites i, j.
We shall be interested in the important special case where the local dynamics are de ned by an ex- Througout we assume the existence of constants C > 0, 2(0; 1) such that j @a (i) " @x j j C exp(? ji ? j j); (2) j @b (i) " @x j j C exp(? ji ? j j) (3) where b (i) " (x) = (A ?1 " (x)) i for all i2ZZ. Of course, the most common interaction operators are the ones of nite radius r, i.e. for all i2ZZ a (i) " (x) = a (i) " (x i?r ; : : : ; x i ; : : : ; x i+r ) and mainly the one for nearest neighbour coupling using standard averaging,
We introduce spatially truncated versions of the mapping " . Choose a xed point x of f. Let We de ne the truncated coupled map lattice ";N1;N2 as ";N1;N2 =A ";N1;N2 F:
The mapping ";N1;N2 is hyperbolic in the usual sense and therefore has a Sinai-Ruelle-Bowen (SRB) measure~ ";N1;N2 when " > 0 is su ciently small.
In this paper, our main theorem is the following: 2. x " = "(x) for all x2Y; 3. the family x satis es the strong-mixing property described below. for almost all x2Y with respect to .
The strong-mixing property refered to in the theorem is the following: for any x2S 1 , w x 2L 2 ( x ) and v f n (x) 2L 2 ( f n (x) ), n2IN,
This convergence is even exponential for functions in the space F (A) de ned in section 7.
Conditional Probabilities
Recall from Section 8 of I the de nition of the bundles E and E (i) , i 2 ZZ. In particular we have with Markov partition R = fR j g d j=1 for any x2Y. Since (i) " is a mapping on E (i) which is "-close to (i) 0 in the C 1 -topology, we can nd a number " 2 with 0 < " 2 " 1 such that " is expanding on Y and (i) ";x is an expanding map from x S 1 to " (x) S 1 for every x 2Y, " < " 2 and the later has a Markov partition R ";i (x) of open segments R j ";i (x), 1 j d, being close to R j . This allows us to give a symbolic representation fw i j (x)g 1 j=?1 for every point in E x with respect to the iteration under (i) " . Let us recall the way in which the symbolic dynamics are constructed in Section 9 of I by building a Markov partition. Let E N1;N2 be the bundle corresponding to Y N1;N2 and (i) ";N1;N2 be the respective bundle map for the sites N 1 i N 2 . Note that we have (i) ";N1;N2;x = (i) ";x for every x2Y N1;N2 . Thus for these points (i) ";N1;N2;x is expanding and we can use the same Markov partition R (i) " (x) as for (i) ";x . In particular we can also give a symbolic representation of the points in E (i) x with respect to (i) ";x .
Thus we can associate to each x 2 Y and each y 2 Y N1;N2 a sequence fw i g 1 i=?1 and fw i g N2 i=?N1 , respectively, of symbol sequences fw i j g 1 j=0 by choosing the w i k such that
";N1;N2; k ";N 1 ;N 2 (y) : : : ";N1;N2;y 2 R w k i ";i ( k ";N1;N2 (y)):
On the other hand, due to the expansiveness of " and ";N1;N2 for " < " 2 each sequence fw i g 1 i=?1 and fw i g N2 i=?N1 determines exactly one point x 2 Y and y 2 Y N1;N2 , respectively. This can be seen as follows: since we have for x2Y
and since " is expanding, we can nd numbers i2ZZ and > 1 such that We now de ne cylinders for our systems. These play a fundamental role in our investigations. For this purpose we x a small real number " > 0 for the following and omit the corresponding indices. Another crucial fact will be the existence of a constant 2(0; 1) due to the expansivity of ; N1;N2 ; (i) ; ( 
C (N1;N2;k) w;x;n (s) = C (k) w;tN 1 ;N 2 (x);n (s); C (N1;N2) w;x;n (s) = C w;tN 1 ;N 2 (x);n (s)
where all the appearing preimages are speci ed by the same symbol sequence w. Since a symbol s k 2f1; : : : ; dg also speci es a unique branch of the inverse of (k) w;x;m (t) x;m (w); 2C (k) x;m (t)
Because of equation (3) and f 2 C 1+b (S 1 ) we can nd the following estimate for the fraction on the right-hand-side: Making use of the special choice of y we obtain now once more with the help of equation (3) 
From equations (17) and (18) we deduce the existence of a constant C 5 > 0 such that (C (N+1;k) w;y;m;m (s)) (C (N;k) w;x;m;m (t)) exp(C 5 (N+k) ):
The corresponding lower bound can be obtained in an analogous way.
Now let us consider the rst factor in equation (15).
Lemma 2 There exist constants C 6 > 0 and 1 2(0; 1) such that for any t 0 k 2 f1; : : :; dg and any w2
we have exp(?C 6 N+k 1 )
`(C (N+1;k)
w;x;m;m (t)) (C (N+1;k) w;y;m;m (s)) exp(C 6 N+k 1 ) (20) for the choices of y and s made above.
Proof: Using the techniques and arguments from above we obviously get (C (N+1;k) w;x;m;m (t)) (C (N+1;k) w;y;m;m (s)) max x;m;k = S k for all x2Y; k2ZZ (26) where S denotes the (spatial) shift on .
A Gibbs Measure for Coupled Circle Map Lattices
With the results of the last section it is straightforward now to obtain a Gibbs measure on and then to transfer it to Y. The main problem is the investigation of the properties of this measure, as so far we rather know it on cylinders of the form C (N1;N2)
x;m (w), w 2 , m; N 1 ; N 2 2 IN, but not on the Borel--algebra or its generating semi-algebra. Let~ be the Gibbs measure for the function B = log satisfying a H older condition on with respect to to the metric de ned in Section 1 of II. The existence of this Gibbs measure is guaranteed by Theorem 1 of II, which also describes its main properties. Then let be the corresponding Gibbs measure on Y which we obtain from~ via the symbolic representation. y;m (w) is non-empty and for m ! 1 the diameter of this intersection goes to zero at the same exponential speed as the diameter of the cylinders itself. This follows analogously to the proof of Lemma 3. In particular we can nd for a given w2 m N1;N2 points x; y; z2Y N1;N2 such that x;i;k (w) (s k (w)) exp(C 9 i ): Now the assertion of the lemma follows from these inequalities and equations (27), (28) and (29).
It is a standard procedure to deduce now from the equivalence of the measures L and ?N1;N2] on the semi-algebra of cylinders which generates the Borel -algebra on Y N1;N2 that N1;N2] is absolutely continuous with respect to the Lebesgue measure L on Y N1;N2 . This togehter with Theorem 1 of II nally gives the following result for coupled circle map lattices, which characterizes the phase of spatio-temporal chaos.
Theorem 5 For a given expanding circle map f and a coupling A " satisfying the conditions (i)-(iv) of Section 1 there exists a positive number " 2 2 IR such that for " 2 0; " 2 ) there exists a unique Gibbs measure " on Y and its Borel -algebra B(Y) with the following properties:
1. " is invariant under the coupled map lattice " and the translation S in the lattice; in Theorem 1. Since is ergodic and the x depend continuously on x, we obtain from the Ergodic 
